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Abstract: We study the ground states and left-excited states of the Ak−1 N = (2, 0)
little string theory. Via a theorem by Atiyah [1], these sectors can be captured by a
supersymmetric nonlinear sigma model on CP 1 with target space the based loop group
of SU(k). The ground states, described by L2-cohomology classes, form modules over an
affine Lie algebra, while the left-excited states, described by chiral differential operators,
form modules over a toroidal Lie algebra. We also apply our results to analyze the 1/2 and
1/4 BPS sectors of the M5-brane worldvolume theory.
In loving memory of See-Hong Tan.
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1 Introduction
Little string theories (LST) are non-gravitational string theories that exist in six spacetime
dimensions which reduce to interacting local quantum field theories in the limit where the
string length scale ls → 0. In particular, the Ak−1 N = (2, 0) little string theory flows
in the ls → 0 limit to the Ak−1 N = (2, 0) superconformal field theory (SCFT). This
SCFT does not have a classical Lagrangian description because it contains a non-abelian
two-form potential with a self-dual three-form field strength, whence it has no known
(conformal) Lagrangian formulation [2]. This SCFT has recently provided us with several
dualities of quantum field theories as well as connections to mathematics, implying that
its corresponding LST ought to be at least just as rich.
The Ak−1 N = (2, 0) LST can be understood to arise as follows. Consider a stack of
k space-filling NS5-branes in type IIA string theory on R9,1. The NS5-branes break half of
the 32 spacetime supersymmetries such that N = (2, 0) supersymmetry is preserved on the
worldvolume. Lightcone coordinates can be used for the worldvolume of the stack, and one
of the lightlike coordinates can be compactified to a circle of radius R, i.e., the NS5-brane
worldvolume topology is S1− × R+ ×R4. Here, S1− × R+ can be understood as (S1 × R)1,1
(where S1 is a small spacelike circle and R is timelike), with S1 boosted by a large amount
[3]. Now, an F-string can wrap the circle S1 with N units of discrete momentum and
winding number m. If we take the limit where the string coupling gs → 0 while keeping
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ls =
√
α′ finite, the F-string will be bound to the branes, and we obtain Ak−1 N = (2, 0)
little string theory on (S1 × R)1,1 × R4.
The Ak−1 N = (2, 0) little string theory can be described as follows. Now, T-duality
takes us to type IIB string theory, whereby N is the winding number and m is the mo-
mentum number of the F-string around a lightlike circle of radius α′/R (or equivalently, a
very large spacelike circle). Subsequently, performing S-duality leads us to a bound state
of k D5-branes and a D-string which winds the circle N times. In the low energy limit, the
D5-brane worldvolume theory is an SU(k) gauge theory,1 and the D-string appears as an
SU(k) N -instanton in the R4 subspace of the worldvolume. Then, in the very low energy
discrete lightcone quantization (DLCQ) limit, the theory on the D-string worldsheet is that
of the N = (4, 4) supersymmetric sigma model with target space being the moduli space
of SU(k) N -instantons on R4 (denoted as MN
SU(k)(R
4)) [4–6]. In other words, the DLCQ
of the Ak−1 N = (2, 0) little string theory with N units of discrete momentum can be
understood in terms of the aforementioned sigma model.
In this paper, we investigate the topological and quasi-topological sectors of this
N = (4, 4) supersymmetric sigma model in an attempt to understand the ground states
and left-excited states of the little string theory, respectively. Our strategy would be to
investigate the aforementioned sectors via an auxiliary sigma model on CP 1 which has
N=(2,2) supersymmetry and target space ΩSU(k), the based loop group of SU(k).2 The
use of this auxiliary sigma model is possible because of a mathematical theorem of Atiyah’s
[1], which states that the moduli space MNG (R4) of N -instantons on R4 for gauge group
G is diffeomorphic to the moduli space M(CP 1 N−−→
hol.
ΩG) of N -degree holomorphic maps
from CP 1 to the based loop group, ΩG.
A summary and plan of the paper is as follows. In Section 2, we briefly review some
mathematical facts about loop groups which we shall use, and describe Atiyah’s theorem
in detail. In Section 3, we shall introduce the supersymmetric A-twisted nonlinear sigma
model on CP 1 with ΩSU(k) target space and explain its topological and quasi-topological
sectors, elucidating its properties. We shall demonstrate the appearance of current algebras
in both sectors, namely the toroidal Lie algebra su(k)tor and the affine Lie algebra su(k)aff
in the quasi-topological and topological sectors, respectively. In Section 4, we explain the
correspondence between the topological and quasi-topological sectors of the loop group
sigma model and that of the instanton moduli space sigma model. In turn, this will allow
us to understand the ground and left-excited sectors of the Ak−1 N = (2, 0) little string
theory, and show that the local observables in both these sectors form modules over their
respective current algebras. We then arrive at a sigma model derivation of Braverman and
Finkelberg’s conjecture for the case of SU(k) instantons on R4, i.e., that the intersection
cohomology of the moduli space of SU(k) instantons on R4 forms modules over the affine
Lie algebra su(k)aff, and a generalization thereof, i.e., that the Cˇech cohomology of the
1We have conveniently frozen the center-of-mass dynamics of the stack of D5-branes, reducing the gauge
symmetry of the low energy worldvolume theory from U(k) to SU(k).
2The reason this auxiliary sigma model hasN=(2,2) supersymmetry instead of N=(4,4) supersymmetry
is because the ΩSU(k) target space is (as we shall explain in the next section) a Ka¨hler manifold, whereas
the moduli space of SU(k) instantons on R4 is a hyperka¨hler manifold.
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sheaf of certain chiral differential operators on the moduli space of SU(k) instantons on
R
4 forms modules over the toroidal Lie algebra su(k)tor. In Section 5, we explain the
correspondence between the topological and quasi-topological sectors of the ΩSU(k) sigma
model and the 1/2 BPS and 1/4 BPS sectors of the M5-brane worldvolume theory. Then,
we calculate the partition functions of both the topological and quasi-topological sectors,
and thereby the partition functions of the 1/2 BPS and 1/4 BPS sectors of the M5-brane
worldvolume theory.3
2 Loop Groups (LG) and Atiyah’s Theorem
A loop group [7] is the group consisting of maps from the unit circle S1 to a group G:
f : S1 → G, (2.1)
and is denoted as LG. We can parametrize the unit circle via t = eiθ. The group compo-
sition law is inherited from the composition law of the group G, taken pointwise for every
value of θ. If we assume that G is a Lie group, an element of LG (connected to its identity)
can be denoted as
eiλa(t)T
a
= eiλamT
aeimθ , (2.2)
where T a is an element of the Lie algebra g corresponding to G, and λa(t) is a real-valued
function of S1.
The loop algebra Lg consists of maps from S1 to the Lie algebra g. Each element of
the loop algebra is an element of g, as well as a Laurent polynomial4 in the variable t = eiθ,
i.e.,
Lg = g⊗ C[t, t−1], (2.3)
and thus λ ∈ Lg can be written as λ = λa(t)T a = λamT aeimθ, where m ∈ Z. Elements of
the loop algebra satisfy the Lie bracket
[T a ⊗ eimθ, T b ⊗ einθ] = ifabc T c ⊗ ei(m+n)θ, (2.4)
or equivalently
[T am, T bn] = ifabc T
c(m+n), (2.5)
where T am ≡ T a ⊗ eimθ.
3Note that the 1/4 BPS sector of the M5-brane worldvolume theory is different from the 1/4 BPS
sector of its low energy Ak−1 N = (2, 0) SCFT. The DLCQ of the Ak−1 N = (2, 0) SCFT with N units
of momentum can be described by the N = (4, 4) supersymmetric quantum mechanics on MNSU(k)(R
4) [4],
whereby the local observables in the 1/4 BPS sector – which are invariant under the 4 anti-chiral super-
charges of the N = (4, 4) supersymmetric quantum mechanics – are holomorphic forms onMNSU(k)(R
4). As
any holomorphic form is automatically harmonic with respect to the Kahler metric on a Kahler manifold,
they correspond to L2-harmonic forms on MNSU(k)(R
4). On the other hand, the 1/4 BPS sector of the
M5-brane worldvolume theory is described by chiral differential operators.
4A Laurent polynomial is a linear combination of both positive and negative powers of the variable t,
with finitely many nonzero coefficients, all valued in C. The set of Laurent polynomials is closed under
multiplication and addition, and hence forms the Laurent polynomial ring, C[t, t−1].
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One can also define the based loop group ΩG, if one imposes the based point condition
f(θ = 0) = I (2.6)
on the maps, where I denotes the identity element of G. This is a subgroup of LG. One
may notice that G is a subgroup of LG as well, consisting of constant maps. Since (2.6)
only allows the identity as the image of a constant map in ΩG, we have
ΩG ∼= LG/G, (2.7)
i.e., it is a homogeneous space. In fact, ΩG is an infinite-dimensional manifold. Let ξ and
η be elements of Ωg, the based loop algebra. Then, expanding them in the Lg basis gives
ξ(θ) = ξne
inθ = ξanT
aeinθ,
η(θ) = ηne
inθ = ηanT
aeinθ.
(2.8)
The based point condition (2.6), which can be written as eiξ(θ=0) = 1, then translates to∑
n ξanT
a = 0 at the Lie algebra level.
ΩG admits another description as a homogeneous space,
ΩG ∼= LGC/L+GC, (2.9)
where LGC denotes the group consisting of maps from S
1 to the complexification of G,
denoted GC, whilst L
+GC is the space of boundary values of holomorphic maps from the
unit disk in C to GC. It is this identification that endows ΩG with a complex structure. In
fact, one may embed ΩG in LGC. Locally, this can be understood as follows. Let κ ∈ LgC,
where gC denotes the complexification of g. Imposing the based point condition∑
n
κanT
a = 0 (2.10)
reduces κ to an element of ΩgC, and imposing the condition
κ(−n) = κn (2.11)
(where κ(−n) = κa(−n)T
a and κn = κan(T
a)†) reduces κ to an element of Ωg [8]. ΩG
also admits a closed nondegenerate two-form ω, i.e., it has a symplectic structure. The
complex and symplectic structures of ΩG are compatible, and conspire to make it an
infinite-dimensional Ka¨hler manifold [7, 9].
The complex structure J , and symplectic structure ω, can be combined to define the
metric of ΩG:
g(ξ, η) = ω(ξ, Jη). (2.12)
In components, this is given [9] by
gam,bn = |n|δn+m,0 Tr(TaTb). (2.13)
The Christoffel symbols and Riemann curvature tensor can be calculated for this metric,
and for this we refer the reader to [10, 11].
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Atiyah’s theorem [1] is an insightful theorem linking instantons in 4d and 2d. Its precise
statement is that, for any classical group G = SU(k), Sp(k) or SO(k) and positive integer
N , the parameter spaceMNG (R4) (orMNG (S4)) of Yang-Mills N -instantons over R4 (or its
conformal compactification S4) with gauge group G modulo based gauge transformations
is diffeomorphic to the parameter space M(CP 1 N−−→
hol.
ΩG) of all based holomorphic maps
from CP 1 to ΩG of degree N . By based gauge transformations, we mean gauge transfor-
mations which tend to 1 at ∞ ∈ R4 (or ∞ ∈ S4), and by based holomorphic maps, we
mean holomorphic maps which map ∞ ∈ CP 1 to 1 ∈ ΩG (i.e., limz→∞ eiξan(z)Tan = 1).
We can write the theorem succinctly as
MNG (R4) ∼=M(CP 1 N−−→
hol.
ΩG). (2.14)
The pullback of the Ka¨hler two-form ω via the based holomorphic maps Φ defines a differ-
ential form on the worldsheet CP 1. Also, for simple G, H2(ΩG,Z) ∼= Z, and the integral
of the pullback provides the degree of holomorphic map:
N = degree(Φ) =
∫
CP 1
Φ∗ω. (2.15)
3 Supersymmetric A-twisted Sigma Model on CP 1 with ΩSU(k) Target
Space
3.1 The A-model Action, Supersymmetries and Local Observables
We begin with an exposition on the two-dimensional supersymmetric nonlinear sigma model
with target space ΩSU(k) and worldsheet CP 1. It is convenient to first construct this as
as a sigma model governing maps
Φ : CP 1 → ΩSU(k)C (3.1)
(where SU(k)C is the complexification of SU(k)), and to then obtain ΩSU(k) as a sub-
space of ΩSU(k))C via an algebraic constraint. Picking local coordinates z, z on CP
1, and
φam, φ
am
on ΩSU(k))C, the map Φ can then be described locally by the fields φ
am(z, z)
and φ
am
(z, z), where a = 1, . . . ,dim SU(k) and m, m ∈ Z.5 The remaining fields of the
model are the following smooth sections of fiber bundles on CP 1:
ψam+ ∈ Γ(K
1
2 ⊗ Φ∗TΩSU(k)C),
ψ
am
+ ∈ Γ(K
1
2 ⊗ Φ∗TΩSU(k)C),
ψam− ∈ Γ(K
1
2 ⊗ Φ∗TΩSU(k)C),
ψ
am
− ∈ Γ(K
1
2 ⊗ Φ∗TΩSU(k)C),
(3.2)
where TΩSU(k)C and TΩSU(k)C are the holomorphic and anti-holomorphic tangent bun-
dles of ΩSU(k)C, and where K
1
2 and K
1
2 are the positive and negative chirality spinor
bundles of CP 1.
5The fields φam and φ
am
are analogous to the Lie algebra parameters λam in (2.2).
– 5 –
Let gam,bn be the metric on ΩSU(k)C. The action is then given by
6
S =
∫
d2z
(
gam,bn(
1
2
∂zφ
am∂zφ
bn
+
1
2
∂zφ
am∂zφ
bn
+ ψ
bn
−Dzψ
am
− + ψ
am
+ Dzψ+
bn
)
−Ram,cp,bn,dqψam+ ψbn− ψcp−ψdq+
)
,
(3.3)
where m,n, n, p, q ∈ Z, and where the covariant derivatives are
Dzψ
am
− = ∂zψ
am
− + Γ
am
bn,cp∂zφ
bnψcp− ,
Dzψ
am
+ = ∂zψ
am
+ + Γ
am
bn,cp∂zφ
bn
ψ
cp
+ .
(3.4)
Both barred and unbarred indices in the action (3.3) sum over the set of integers, and
it shall be convenient for our purposes to replace the barred indices by unbarred indices,
e.g., φ
bn → φbn. To avoid ambiguity, the connection on TΩSU(k)C is renotated as
Γambn,cp → Γambn,cp. (3.5)
The reduction of ΩSU(k)C to ΩSU(k) is achieved by imposing the constraint (2.11) on the
coordinates and tangent vectors of ΩSU(k)C
φa(−n) = φ
an
,
ψ
a(−n)
∓ = ψ
an
± ,
, (3.6)
where we have taken into account the hermiticity of the generators of SU(k). These
constraints precisely reduce the number of degrees of freedom by half, and shall always be
assumed hereafter.
We are after the local observables of the topological and quasi-topological sectors of
this sigma model, both of which are accessible via a ‘twist’. This is done by redefining the
generator ME of U(1) Euclidean rotations to be M
′
E = ME + R, where R is a generator
of a U(1) R-symmetry of the action (3.3). There are two ways to do this, using either the
U(1) vector R-symmetry or U(1) axial R-symmetry, and this leads to the A-model and
B-model [12]. We shall use the A-twist which leads to the A-model, since, as we shall see
in later sections, this choice will eventually enable us to make contact with the physics of
the Ak−1 N = (2, 0) little string theory .
The twisting does not affect the spins of the bosonic fields, but the fermionic fields
become the following smooth sections of fiber bundles on CP 1:
ψam+ → ρamz ∈ Γ(K ⊗ Φ∗TΩSU(k)),
ψ
am
+ → χam ∈ Γ(Φ∗TΩSU(k)),
ψam− → χam ∈ Γ(Φ∗TΩSU(k)),
ψ
am
− → ρamz ∈ Γ(K ⊗ Φ∗TΩSU(k)),
(3.7)
6We have chosen a flat Hermitian metric (ηzz =
1
2
) on the worldsheet, since every two-dimensional
metric is conformally flat, and can be Weyl rescaled to be flat locally (recall that any Lagrangian density
is only defined locally).
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where K and K are the canonical and anti-canonical bundles of CP 1 (i.e., bundles of
one-forms of types (1,0) and (0,1)). The A-model action is
S =
∫
d2z
(
gam,bn(
1
2
∂zφ
am∂zφ
bn
+
1
2
∂zφ
am∂zφ
bn
+ ρbnz Dzχ
am + ρamz Dzχ
bn)
−Rcp,bn,dq,amρcpz χbnχdqρamz
)
=
∫
d2z
(
gam,bn(∂zφ
am∂zφ
bn
+ ρbnz Dzχ
am + ρamz Dzχ
bn)
−Rcp,bn,dq,amρcpz χbnχdqρamz +
∫
Φ∗ω
= Spert. +
∫
Φ∗ω,
(3.8)
where
Dzχ
am = ∂zχ
am + Γambn,cp∂zφ
bnχcp,
Dzχ
am = ∂zχ
am + Γ
am
bn,cp∂zφ
bn
χcp,
(3.9)
Spert. denotes the pertubative action, and Φ
∗ω is the pullback of the Ka¨hler form of ΩSU(k).
The A-model action (3.8) is invariant under the following supersymmetries, generated by
the scalar supercharges Q+ and Q−:
δφam = ǫ+χ
am,
δφ
am
= ǫ−χ
am,
δρamz = −ǫ−∂zφam − ǫ+Γambn,cpχbnρcpz ,
δρamz = −ǫ+∂zφam − ǫ−Γambn,cpχbnρcpz ,
δχam = 0,
δχam = 0,
(3.10)
where δ = ǫ−Q+ + ǫ+Q−, and δ
2 = 0 is satisfied on-shell.
The rest of this section is devoted to understanding the fully-twisted and half-twisted
versions of our A-model, with emphasis on mathematical descriptions of the local quan-
tum observables of both models, which shall be useful for us in the following sections. The
fully-twisted A-model [12, 13] is conformal at the classical level since the energy-momentum
tensor is traceless (Tzz = 0), leading to it having holomorphic (Tzz = T (z)) and antiholo-
morphic (Tzz = T (z)) nonzero components. Both these nonzero components Tzz and Tzz
are QA = (Q+ + Q−)-exact, which means that the A-model is in fact topological. The
half-twisted A-model [14, 15] corresponds to the sector wherein one only considers the su-
percharge Q+, and the supersymmetry transformations are those of (3.10) with ǫ+ = 0.
It is still conformal at the classical level, since the energy-momentum tensor remains the
same. The crucial difference is that now Tzz is Q+-exact, but Tzz is not, and hence the
model is not topological. We refer to this model as the quasi-topological model.
When computing correlation functions of observables in the topological ΩSU(k) sigma
model, one may use the fact that the periods of the Ka¨hler form ω are integers (c.f. (2.15)),∫
CP 1
Φ∗ω = N, (3.11)
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to express correlation functions as [12]
〈
∏
γ
Oγ〉 =
∑
N
e−N
∫
FN
DφDφDρzDρzDχDχe−Spert.
∏
γ
Oγ , (3.12)
where an explicit factor of e−N has been pulled out in each term on the right.7 Here
FN denotes the component of field space corresponding to maps of degree N , and the
components of the path integral measure are defined as DX = (DXakDXblDXcn . . .).
The observables Oγ are understood to be those which are in the QA-cohomology, since
supersymmetry at the quantum level requires 〈{QA, O}〉 = 0 for any observable O.
Since Rcp,bn,dq,am = gcp,ekR
ek
bn,dq,am, the target space metric is an overall factor in the
Lagrangian density of the action (3.8), and hence gives rise to an infinite number of coupling
constants, via its Taylor expansion. It can be shown that, pertubatively, the topological
model remains invariant when rescaling these couplings [12]. The argument is as follows.
The action (3.8) can be written as8
S =
∫
d2z{QA, V ′}+
∫
Φ∗ω, (3.13)
where
V ′ = gam,bn
(
ρbnz ∂zφ
am + ∂zφ
bn
ρamz
)
(3.14)
Multiplying gam,bn by a factor t, (3.12) becomes
〈
∏
γ
Oγ〉 =
∑
N
e−tN
∫
FN
DφDφDρzDρzDχDχe−t
∫
d2z{QA,V
′}
∏
γ
Oγ , (3.15)
where
d
dt
( ∫
FN
DφDφDρzDρzDχDχe−t
∫
d2z{QA,V
′}
∏
γ
Oγ
)
= 〈{QA, . . .}〉 = 0, (3.16)
i.e., the path integral over FN is independent of the value that t takes.
In particular, for each path integral in (3.15), one may take the weak-coupling or
infinite-volume limit where t → ∞, whereupon the contributions to the path integral
localize to fluctuations around the following classical saddle point configuration which
minimizes the first term of (3.13):
∂zφ
am = 0. (3.17)
We shall refer to this as the BPS condition, and its solutions are holomorphic maps from
CP 1 to ΩSU(k) (also known as worldsheet instantons). The degree of holomorphic map
(or worldsheet instanton number) is given by (3.11), and terms in (3.15) corresponding
to N < 0 vanish, as there are no holomorphic maps of negative degree. The quantum
7To be precise, one also needs to include auxiliary fields in the action, in order to obtain δ2 = 0 off-shell.
Details on this are presented in equation (3.43) and below.
8The expression (3.13) only holds modulo terms that vanish using the ρ equations of motion, but it can
be made to hold off-shell by modifying the supersymmetry transformations of ρ [12].
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fluctuations of the fields around these classical solutions, represented by the fermionic and
bosonic one-loop determinants, cancel exactly due to supersymmetry. As a result, path
integrals in the topological A-model reduce to a sum over worldsheet instanton sectors
(labelled by N) of ordinary, finite-dimensional integrals over the moduli spaceM(CP 1 N−−→
hol.
ΩSU(k)) of holomorphic maps of degree N from CP 1 to ΩSU(k), with an overall factor
of e−tN multiplying each integral. Since the local observables one considers in this model
are those which belong to the QA-cohomology, the QA-closure and non-QA-exactness of
these observables implies one-to-one correspondence with de Rham cohomology classes on
M(CP 1 N−−→
hol.
ΩSU(k));9 however, since M(CP 1 N−−→
hol.
ΩSU(k)) is noncompact, we should
identify the local observables with L2-harmonic forms, which give rise to L2-cohomology.
Also, using the fact that T (z) and T (z) are QA-exact, one can show that local observ-
ables with nonzero holomorphic and antiholomorphic conformal dimensions are trivial in
QA-cohomology. The argument is as follows. A local operator O inserted at the origin has
conformal dimension (n,m) if under the rescaling z → λz, z → λz (which is a symmetry
of our theory since Tzz = 0), it transforms as ∂
n+m/∂zn∂zm, i.e., as
O → λ−nλ−mO, (3.18)
where n and m are positive integers. However, only local operators with m = n = 0 survive
in QA-cohomology. The reason for the previous statement is that the rescalings of z and
z are generated by L0 =
∮
dzzTzz and L0 =
∮
dz¯z¯Tzz respectively. As noted previously,
Tzz and Tzz are QA-exact, so L0 + L0 = {QA, V0} for some V0. If O is to be allowed as a
local physical operator, it must at least be true that {QA,O} = 0. Subsequently, we have
[(L0 + L0),O] = {QA, [V0,O]}. On account of the eigenvalue of L0 and L0 on O being m
and n respectively, we have [(L0 + L0),O] = (m + n)O. Therefore, if m 6= 0 or n 6= 0, it
is true that O is QA-exact and as such trivial in QA-cohomology. Consequently, the local
observables of the topological A-model can only have holomorphic and antiholomorphic
conformal dimensions equal to zero, and hence correspond to ground states, via the state-
operator isomorphism.
The action in the quasi-topological model can be cast into the form
S =
∫
d2z{Q+,W ′}+ . . .+
∫
Φ∗ω, (3.19)
where W ′ is a metric-dependent combination of fields, and where the ellipsis indicates
additional terms which are metric-independent, but depend on the complex structure of
the target space.10 Since the metric-dependence of the pertubative action is contained
9The identification of QA with the coboundary operator d on ΩSU(k) is a natural consequence of (3.10)
(with ǫ+=ǫ−=1), since the supersymmetry transformations of the coordinates φ
am, φ
am
of ΩSU(k) give
us the fields χam, χam which are Grassmannian, whose anticommuting products can be identified with
wedge products of one-forms on ΩSU(k). As a result, the supersymmetry transformations of worldsheet N-
instantons (which satisfy (3.17)) give us Grassmannian fields which transform as one-forms onM(CP 1
N
−−→
hol.
ΩSU(k)) [13], allowing QA to be identified with d on M(CP
1 N−−→
hol.
ΩSU(k)). Moreover, Q2A = 0 always
holds for sigma models on closed worldsheets, unless one has a pure N = (0, 2) sigma model [16].
10This shall be expounded on further in Section 3.2.
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entirely in a Q+-exact term, the path integral over a particular component of field space,
FN , is independent of the couplings generated by the metric of the target space, i.e.,
multiplying gam,bn by t, a correlation function of observables in the Q+-cohomology has
the form
〈
∏
γ
O˜γ〉 =
∑
N
e−tN
∫
FN
DφDφDρzDρzDχDχe−
∫
d2z({Q+,W
′(t)}+...)
∏
γ
O˜γ , (3.20)
where
d
dt
( ∫
FN
DφDφDρzDρzDχDχe−
∫
d2z({Q+,W
′(t)}+...)
∏
γ
O˜γ
)
= 〈{Q+, . . .}〉 = 0, (3.21)
which means that the path integral over FN is independent of the value that t takes.
Similar to the topological case, one may take the weak-coupling or infinite-volume limit
where t → ∞; contributions to the path integral then localize to fluctuations around the
saddle point configuration (3.17), and the path integral reduces to a sum over worldsheet in-
stanton sectors (labelled by N) of finite-dimensional integrals over M(CP 1 N−−→
hol.
ΩSU(k)),
upon cancellation of the fermionic and bosonic one-loop determinants. The third term of
(3.19) contributes an overall factor of e−tN to each integral, and terms corresponding to
N < 0 vanish, as in the topological case. As one might expect, the local observables one
considers belong to the Q+-cohomology. However, since Tzz is Q+-exact but not Tzz, it
can be shown that these observables must have zero antiholomorphic conformal dimension,
but may have nonzero holomorphic conformal dimension (unlike the topological model),
using arguments analogous to those of the previous paragraph [15]. Hence, we find that
the quasi-topological model not only contains ground states, but also contains left-excited
states, via the state-operator isomorphism. Therefore, the excited states of the quasi-
topological model correspond to half of the excited states of the untwisted sigma model on
CP 1 with ΩSU(k) target space.
Furnishing a purely mathematical description of the local observables of the quasi-
topological model is not as straightforward as in the topological case. It is known that the
half-twisted A-model can be described purely (without using the mathematically nonrig-
orous path integral) via the theory of chiral differential operators (CDO’s) [14, 15, 17, 18].
In particular, for this half-twisted version of the N = (2, 2) supersymmetric sigma model,
the corresponding CDO’s are the chiral de Rham complex [15, 17]. As explained before,
after half-twisting the A-model, only one scalar supercharge Q+ remains. Now, even at the
classical level, the Q+-cohomology cannot be described purely by the ordinary Dolbeault
or ∂¯-cohomology, and perturbative corrections only serve to strengthen this deviation.
It is found that Cˇech cohomology can be used to describe the perturbative sheaf of Q+-
cohomology [14, 15]. The local operators and local observables all belong to Cˇech cohomol-
ogy. Moreover, in an anomaly-free sigma model, a globally defined sheaf of chiral algebras
can also be constructed without obstruction in Cˇech cohomology.11 The above statements
11The sheaf of chiral algebras is defined locally, and refers to the chiral algebra, OPE and the chiral ring
in every open set of the manifold.
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are all in perturbative expansion; however, in our sigma model from CP 1 to ΩSU(k), our
main focus will be on higher degree maps rather than the degree zero maps. Therefore, we
go to an auxiliary N = (2, 2) sigma model whose target space is M(CP 1 N−−→
hol.
ΩSU(k)),
and consider its pertubative sector, whereby the correlation functions of our theory and the
correlation functions of the auxiliary theory are identical, with the former multiplied by the
constant e−N . Thus, we can still identify the physical observables of our quasi-topological
model with well-defined mathematical CDO’s. In particular, the local observables of the
quasi-topological model are described by the Cˇech cohomology of the sheaf of chiral de
Rham complex on M(CP 1 N−−→
hol.
ΩSU(k)).
In Section 4, we shall use the descriptions of local observables of both the topologi-
cal and quasi-topological models in terms of cohomology classes defined on M(CP 1 N−−→
hol.
ΩSU(k)) to describe the ground and left-excited sectors of the Ak−1 N = (2, 0) little string
theory, via Atiyah’s theorem. However, Atiyah’s theorem works for based holomorphic
maps, and to this end, according to the last paragraph of Section 2, we shall impose an ex-
tra constraint on the bosonic scalar field φan, i.e., it should satisfy limz→∞ φan(z, z)T
an = 0,
which means that limz→∞ φan(z, z) = 0, since the T
an are linearly independent.
3.2 Global LSU(k) Symmetry and Current Algebra
Now, let us proceed to study the symmetry of our action (3.8). Since ΩSU(k) can be
understood as the homogeneous space LSU(k)/SU(k), this implies that ΩSU(k) admits a
transitive LSU(k) isometry. This geometrical symmetry of the target space will manifest
as a global symmetry of the supersymmetric action (3.8). To grasp how this arises, let us
first review how isometries under compact Lie groups manifest in sigma models on finite
dimensional Ka¨hler manifolds.
Isometries of the Target Space in Sigma Models
For any supersymmetric nonlinear sigma model, an isometry of its target space, X,
forms a global symmetry of the action [19]. Call the isometry group G. An isometry is
generated by a set of Killing vector fields, V a, where a = 1, . . . ,dim G. The Lie derivative
of the metric with respect to ζaV
a (where ζa are a set of real, infinitesimal parameters)
vanishes; this is the Killing equation. If X is a Ka¨hler manifold, the two basic structures it
has is a (torsion-free) Hermitian metric and a complex structure, and an isometry should
preserve both. In other words, the Lie derivative of the complex structure should also
vanish, and this results in Killing vector fields having either holomorphic or antiholomorphic
components, i.e.,
V a =
n∑
i
V a,i
∂
∂φi
+
n∑
ı
V
a,ı ∂
∂φı
(3.22)
(n = dimCX), where
∂V a,i
∂φ
=
∂V
a,ı
∂φj
= 0. (3.23)
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The coordinates (φ) and tangent vectors (ψ) of X transform under the isometry as
δφi = ζaV
a,i,
δφ
ı
= ζaV
a,ı
,
δψi = ζa∂k(V
a,i)ψk,
δψ
ı
= ζa∂k(V
a,ı
)ψk.
(3.24)
The statement that the Killing vector fields generate an action on X implies that each
vector field V a corresponds to an element T a of the Lie algebra of G, and that they realise
an antihomomorphism of that Lie algebra, i.e.,
[V a, V b] = −ifabc V c. (3.25)
Locally, this is written explicitly in components as
[V a, V b]i = V a,j(
∂V b,i
∂φj
)− V b,j(∂V
a,i
∂φj
) = −ifabc V c,i, (3.26)
and
[V
a
, V
b
]ı = V
a,
(
∂V
b,ı
∂φ

)− V b,(∂V
a,ı
∂φ

) = −ifabc V c,ı. (3.27)
Given the A-model action for target space X,
SX =
∫
d2z
(
gi(∂zφ
i∂zφ

+ ρzDzχ
i + ρizDzχ
)−Rkjliρkzχjχlρiz
)
+
∫
Φ∗ω, (3.28)
we know that the bosonic and fermionic fields transform as coordinates and tangent vectors
respectively on the target space. Then, varying these fields under the G-isometry as in
(3.24) gives
δGSX =
∫
d2z
(
LV gi(∂zφi∂zφ + ρzDzχi + ρizDzχ) + giρzLV Γijk∂zφjχk
+ giρ
i
zLV Γık∂zφ
i
χk − LVRkjliρkzχjχlρiz
)
+
∫
Φ∗LV ω,
(3.29)
where V = ζaV
a and LV is the Lie derivative with respect to V .12 As mentioned above, if
V generates an isometry on X, then
LV gi = 0. (3.30)
Now, note that the Lie derivative of the Christoffel symbol can be expressed solely in terms
of the Lie derivative of the metric ([20], page 52, equation 3.1), and the Lie derivative of
the Riemann curvature tensor can be expressed solely in terms of the Lie derivative of the
Christoffel symbol ([20], page 52, equation 3.2). Additionally, the Lie derivative of the
Ka¨hler 2-form can also be expressed in terms of the Lie derivative of the metric, since the
12Although the Christoffel symbols are not tensors, and do not have intrinsic geometrical meaning, they
have a well defined Lie derivative (see [20], page 8, equation 2.16).
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components of the Ka¨hler form are proportional to the metric. The previous statements,
together with (3.30), imply that the transformation of the action (3.29) under the global
symmetry corresponding to the G-isometry of the target space is just zero.
The LSU(k) Isometry of the ΩSU(k) Sigma Model
Let us shift our attention back to the ΩSU(k) sigma model (3.8), and expound on its
global LSU(k) symmetry. The Lie algebra for LSU(k) is the loop algebra Lsu(k) (2.5),
and each element T am of the loop algebra corresponds to a Killing vector field V am on
ΩSU(k) ([10], page 238). The collection of all these Killing vector fields generate the
LSU(k) isometry of ΩSU(k). Furthermore, there is an antihomorphism from the loop
algebra Lsu(k) to these Killing vector fields ([10], page 240), i.e., they should satisfy
[V am, V bn] = −ifabc V c{m+n}. (3.31)
In terms of the local coordinate parametrization we have used to describe ΩSU(k),
V bk = V bk,an
∂
∂φan
+ V
bk,an ∂
∂φ
an , (3.32)
with (3.31) given as
[V am, V bn]dp = V am,eq(
∂V bn,dp
∂φeq
)− V bn,eq(∂V
am,dp
∂φeq
) = −ifabc V c{m+n},dp, (3.33)
[V
am
, V
bn
]dp = V
am,eq
(
∂V
bn,dp
∂φ
eq )− V bn,eq(
∂V
am,dp
∂φ
eq ) = −ifabc V c{m+n},dp. (3.34)
It must also be true that
∂V bk,dp
∂φ
eq =
∂V
bk,dp
∂φeq
= 0. (3.35)
The coordinates and tangent vectors of ΩSU(k) transform under the LSU(k) symmetry
as
δφan =
∑
k∈Z
ζkb V
bk,an,
δφ
an
=
∑
k∈Z
ζkb V
bk,an
,
δψan =
∑
k∈Z
ζkb
∂
∂φdm
(V bk,an)ψdm,
δψ
an
=
∑
k∈Z
ζkb
∂
∂φ
dm
(V
bk,an
)ψ
dm
.
(3.36)
Noting that the bosonic and fermionic fields of the action (3.8) transform as coordinates
and tangent vectors respectively, the LSU(k) transformation of the action is found to be
δLSU(k)S =
∫
d2z
(
LV gam,bn(∂zφam∂zφbn + ρbnz Dzχam + ρamz Dzχbn)
+ gam,bnρ
bn
z LV Γambn,cp∂zφbnχcp + gam,bnρamz LV Γambn,cp∂zφbnχcp
−LVRcp,bn,dq,amρcpz χbnχdqρamz
)
+
∫
Φ∗LV ω.
(3.37)
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The Lie derivative with respect to V =
∑
k ζ
k
b V
bk acting on the ΩSU(k) metric is zero
([10], page 240), i.e.,
LV gam,bn = 0. (3.38)
This means that the LSU(k) transformation (3.37) of the action must be zero, using the
arguments below equation (3.30).
We would now like to find the explicit form of the components of V bk , in order to find
the explicit field transformations which leave the action (3.8) invariant. The solutions of
the partial differential equations (3.33) and (3.34) which satisfy (3.35) are given by
V bk,an = ifabc φ
c{n−k},
V
bk,an
= ifabc φ
c{n−k}
(3.39)
The field transformations under the LSU(k) symmetry are therefore given as
δφan =
∑
k∈Z
ζkb V
bk,an =
∑
k∈Z
ifabc ζ
k
b φ
c{n−k},
δφ
an
=
∑
k∈Z
ζkb V
bk,an
=
∑
k∈Z
ifabc ζ
k
b φ
c{n−k}
,
δρanz =
∑
k∈Z
ζkb
∂
∂φdm
(V bk,an)ρdmz =
∑
k∈Z
ifabc ζ
k
b ρ
c{n−k}
z ,
δρanz =
∑
k∈Z
ζkb
∂
∂φ
dm
(V
bk,an
)ρdmz =
∑
k∈Z
ifabc ζ
k
b ρ
c{n−k}
z ,
δχan =
∑
k∈Z
ζkb
∂
∂φdm
(V bk,an)χdm =
∑
k∈Z
ifabc ζ
k
b χ
c{n−k},
δχan =
∑
k∈Z
ζkb
∂
∂φ
dm
(V
bk,an
)χdm =
∑
k∈Z
ifabc ζ
k
b χ
c{n−k}.
(3.40)
It is beneficial to note that all the fields transform in the same manner, that is, as
δXan =
∑
k∈Z
ifabc ζ
k
bX
c{n−k}. (3.41)
Having understood the global LSU(k) symmetry of the action (3.8), we shall proceed to
show that this classical symmetry is responsible for the appearance of a current algebra in
the quantum ΩSU(k) sigma model.
The Double Loop Algebra and Loop Algebra in our Sigma Model
The main aim of this subsection is to show that the conserved Noether currents corre-
sponding to the LSU(k) symmetry of ΩSU(k) generate the double loop algebra LLsu(k)
in the quasi-topological model, which reduces to the loop algebra Lsu(k) in the topological
model. This shall be achieved by computing correlation functions of the Noether cur-
rent with itself and with the energy-momentum tensor in the quasi-topological model, and
taking the topological limit at the end.
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Recall from the discussion below (3.19) that correlation functions of observables in the
Q+-cohomology can be expressed as
〈
∏
γ
O˜γ〉 =
∑
N
e−tN
∫
FN
DφDφDρzDρzDχDχe−Spert.(t)
∏
γ
O˜γ , (3.42)
where Spert. was defined in (3.8). Since only Spert. appears in (3.42), one only needs to
pay attention to this part of the action when computing the Noether current or correlation
functions. Physically, this corresponds to performing perturbation theory around each
vacuum labelled by N .
An action with off-shell supersymmetry is required in order to compute a correlation
function. To this end, we shall consider [13] the action13
Sequiv =
∫
d2z
(
pzam∂zφ
am + pzam∂zφ
am
+ ρzam∂zχ
am + ρzam∂zχ
am
− t−1gbn,am(pzam − Γdqam,cpρzdqχcp)(pzbn − Γekbn,hlρzekχhl)
− t−1gam,hlRekbn,dq,amρzekρzhlχbnχdq
)
+ t
∫
Φ∗ω
=Spert.(t) + t
∫
Φ∗ω
(3.43)
Here, ρzam = tgam,bnρ
bn
z and ρzam = tgam,bnρ
bn
z , i.e., ρzam ∈ Γ(K ⊗ Φ∗T ∗ΩSU(k)) and
ρzam ∈ Γ(K⊗Φ∗T ∗ΩSU(k)). From Sequiv above, the algebraic equations of motion for the
auxiliary fields pzam and pzam are given by
pzam = tgam,bn∂zφ
bn
+ Γdqam,cpρzdqχ
cp,
pzbn = tgam,bn∂zφ
am + Γ
ek
bn,hlρzekχ
hl.
(3.44)
When the above explicit expressions of pzam and pzbn are substituted back into (3.43), one
obtains (3.8). In other words, S and Sequiv define the same theory.
The supersymmetry transformations generated by Q− and Q+ now take a simple form:
δφam = ǫ+χ
am,
δρzam = −ǫ+pzam,
δχam = 0,
δpzam = 0,
δφ
am
= ǫ−χ
am,
δρzam = −ǫ−pzam,
δχam = 0,
δpzam = 0,
(3.45)
and the action (3.43) is invariant under these transformations, which satisfy δ2 = 0 without
using the equations of motion.
Before proceeding to calculate the Noether current for the global LSU(k) symmetry of
the action, let us note that ρzam and ρzam transform under coordinate reparametrizations
on ΩSU(k) as the components of (1,0) and (0,1) forms, respectively, and not as tangent
13This action is equation 2.14 in [13], modulo the topological term, and with the field redefinition
Hzam = pzam − Γ
dq
am,cpρzdqχ
cp.
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vectors. Meanwhile, pzam and pzam are the components of one-forms on the worldsheet,
but have complicated non-tensorial transformations under coordinate reparametrizations of
ΩSU(k), as one may infer by inspecting their equations of motion (3.44). Such coordinate
reparametrizations include the LSU(k) isometry. Luckily, we do not need the precise
transformations of ρzam, ρzam, pzam and pzam under the global LSU(k) symmetry to
compute the Noether current, since the derivatives of these fields do not appear in (3.43).
Following the arguments surrounding equation (3.42), we only need to consider the
pertubative part, Spert.(t), of the off-shell supersymmetric action (3.43). With the corre-
sponding Lagrangian density denoted as L, the standard formula∑
k∈Z
J˜µbkζkb =
∂L
∂(∂µφan)
δφan +
∂L
∂(∂µφ
an
)
δφ
an
+
∂L
∂(∂µχan)
δχan +
∂L
∂(∂µχan)
δχan, (3.46)
gives us the current, whose components are:
J˜bkz =
1
2
ifabc (pzamφ
c{m−k} + ρzamχ
c{m−k}),
J˜bkz =
1
2
ifabc (pzamφ
c{m−k}
+ ρzamχ
c{m−k}),
(3.47)
where we have used ηzz = 2. We shall derive the current algebra using the J˜bkz component,
rescaled as
2J˜bkz = J
bk
z = if
ab
c (pzamφ
c{m−k} + ρzamχ
c{m−k}). (3.48)
It is crucial to note that Jbkz is both QA-invariant and Q+-invariant, off-shell. Next, note
that the holomorphic component of the energy-momentum tensor is
Tzz =
1
2
( ∂L
∂(∂zφam)
∂zφ
am +
∂L
∂(∂zχam)
∂zχ
am
)
=
1
2
(pzam∂zφ
am + ρzam∂zχ
am), (3.49)
and is also QA-invariant and Q+-invariant, off-shell.
We would now like to compute the correlation functions 〈Jakz (z, z)Jblz (w,w)〉 and
〈Tzz(z)Jblz (w,w)〉. However, one should first note that Jbkz and Tzz are in fact QA-exact, due
to their nonzero holomorphic conformal dimensions, according to arguments below (3.18).
Consequently, the correlation functions we wish to calculate would vanish in the topological
model. Hence, we shall calculate these correlation functions solely in the quasi-topological
model.
A priori, the OPEs between the fundamental fields of the theory are complicated, and
it is difficult to compute the correlation functions we want. To overcome this, we shall take
the weak-coupling or infinite-volume limit of the target space, ΩSU(k), which corresponds
to taking the limit where t → ∞ in Spert.(t). To understand why we are able to take the
infinite-volume limit in our quasi-topological sigma model, note that the pertubative action
can be written as
Spert.(t) =
∫
d2z({Q+,W ′(t)}+ pzam∂zφam + ρzam∂zχam), (3.50)
with
W ′(t) = −ρzam∂zφam − t−1gam,bnΓdkcp,bnρzdkχcpρzam + t−1gam,bnpzamρzbn, (3.51)
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where (3.50) consists of a Q+-exact term, and terms which depend solely on the complex
structure of ΩSU(k). Correlation functions of Q+- closed observables are then independent
of the value of t, as shown in (3.21).
In particular, the correlation functions 〈Jakz (z, z)Jblz (w,w)〉 and 〈Tzz(z)Jblz (w,w)〉 are
preserved when taking the infinite-volume limit, since both Jbkz and Tzz are Q+- closed
observables. Taking this limit for (3.50), we obtain:
Sweak =
∫
d2z
(
pzam∂zφ
am + pzam∂zφ
am
+ ρzam∂zχ
am + ρzam∂zχ
am) (3.52)
We find that we have an infinite number of bc − βγ systems. The supersymmetries, the
form of Jbkz and the form of Tzz remain the same. The equations of motion in the infinite-
volume limit indicate that pzam, ρzam, φ
am and χam are holomorphic and pzam, ρzam, φ
am
and χam are antiholomorphic. Consequently, Jbkz is holomorphic. The OPEs between the
fields are
pzam(z)φ
bn(w) ∼ − δ
b
aδ
n
m
z − w,
ρzam(z)χ
bn(w) ∼ δ
b
aδ
n
m
z − w,
pzam(z)φ
bn
(w) ∼ − δ
b
aδ
n
m
z − w,
ρzam(z)χ
bn(w) ∼ δ
b
aδ
n
m
z −w.
(3.53)
Using these relations, we arrive at
Jan1z (z)J
bn2
z (w) ∼
ifabc J
c{n1+n2}
z (w)
z − w , (3.54)
and
Tzz(z)J
ak
z (w) ∼
Jakz (w)
(z − w)2 +
∂Jakz (w)
(z − w) . (3.55)
Using the Laurent expansions
Janz (z) =
∑
m∈Z
z−m−1Janm (3.56)
and
Tzz(z) =
∑
m∈Z
z−m−2Lm, (3.57)
where
Janm =
1
2πi
∮
dzzmJanz (z) (3.58)
and
Lm =
1
2πi
∮
dzzm+1Tzz(z), (3.59)
and the relation between operator commutators and their OPEs
[A,B] =
∮
0
dw
∮
w
dz a(z)b(w), (3.60)
where A =
∮
a(z)dz and B =
∮
b(w)dw are operators while a(z), b(w) are holomorphic
fields, we find that (3.54) and (3.55) respectively imply the double loop algebra LLg
[Jan1m1 , J
bn2
m2
] = ifabc J
c{n1+n2}
m1+m2 , (3.61)
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and
[Ln, J
ak
m ] = −mJakn+m. (3.62)
In particular, we have
[L0, J
ak
m ] = −mJakm , (3.63)
i.e., the current algebra is the spectrum-generating algebra of our quasi-topological model.14
The quantum topological model forms a subsector of the quasi-topological model, and
consists solely of ground states. As such, (3.63) implies that the only current algebra
generators that can act on elements of the Hilbert space of the topological model are
Jak0 , which generate the loop algebra Lsu(k), that is an affine Lie algebra with no central
extension:
[Jan10 , J
bn2
0 ] = if
ab
c J
c{n1+n2}
0 . (3.64)
Therefore, the double loop current algebra LLsu(k) effectively becomes a (single) loop
current algebra Lsu(k) in the topological sigma model. In short, the double loop alge-
bra LLsu(k) appears in the quasi-topological sigma model while the loop algebra Lsu(k)
appears in the topological sigma model.
The Appearance of Central Extensions
One always obtains projective representations of symmetry groups in quantum theories,
since a state |α〉 which represents a quantum system is equivalent to the state eiν |α〉, where
ν is a phase ([21], Chapter 3). It is known that projective representations of the loop group
LG lift to representations of central extensions of LG [7]. Hence, since the double loop
algebra LLsu(k) (3.61) essentially contains two copies of the loop algebra Lsu(k) (which
one can see by setting (n1, n2) = (0, 0) or (m1,m2) = (0, 0)), at the quantum level, we
should obtain projective representations of both copies of the loop algebra, which each lift
to representations of central extensions of the loop algebras themselves.
In our model, we may understand the appearance of these central extensions as being
due to a quantum anomaly of the classical LSU(k) symmetry of our model. Our derivation
of the conserved Noether current Jbkz was derived from a classical Lagrangian density;
hence, the expression for Jbkz is valid only when the LSU(k) symmetry is not anomalous,
i.e., when the path integral measure is invariant under the symmetry transformations.
However, this is not necessarily true, and the aforementioned central extensions can be
considered to be quantum corrections due to an anomaly. In other words, we can associate
to our quasi-topological sigma model a toroidal Lie algebra su(k)tor:
[Jan1m1 , J
bn2
m2
] = ifabc J
c{n1+n2}
m1+m2 + c1n1δ
abδ{n1+n2}0δ{m1+m2}0 + c2m1δ
abδ{n1+n2}0δ{m1+m2}0,
(3.65)
and to the topological sigma model an affine Lie algebra su(k)aff:
[Jan10 , J
bn2
0 ] = if
ab
c J
c{n1+n2}
0 + c1n1δ
abδ{n1+n2}0. (3.66)
14Recall from the discussion below (3.19) that our model only has at most excited states with antiholo-
morphic conformal dimension equal to zero, i.e., L0 always has eigenvalue zero.
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4 The Ak−1 N = (2, 0) Little String Theory
4.1 Mapping Local Observables via Atiyah’s Theorem
Recall that the DLCQ of the Ak−1 N = (2, 0) LST on S1 × R × R4 with N units of
momentum is given by the two-dimensional N = (4, 4) supersymmetric sigma model with
MN
SU(k)(R
4) target space.15 The Hilbert space of ground states of this sigma model corre-
sponds to its topological sector, and the further inclusion of left-excited states gives us its
quasi-topological sector.16
The ground states of the N=(4,4) sigma model with target space MN
SU(k)(R
4) corre-
spond to the L2-cohomology of MN
SU(k)(R
4) as local observables [13]. This is equivalent,
via Atiyah’s theorem, to the L2-cohomology of M(CP 1 N−−→
hol.
ΩSU(k)),17 which are the
local observables of the nonpertubative topological ΩSU(k) sigma model.
Likewise, the left-excited states of theN=(4,4) sigma model with target spaceMN
SU(k)(R
4)
correspond to local observables described by the Cˇech cohomology of the sheaf of chiral
de Rham complex on MN
SU(k)(R
4) [15, 17]. This is equivalent, via Atiyah’s theorem, to
the Cˇech cohomology of the sheaf of chiral de Rham complex onM(CP 1 N−−→
hol.
ΩSU(k)),18
which are the local observables of the quasi-topological sector of the auxiliary theory defined
in Section 3.1, which is an N = (2, 2) sigma model with target spaceM(CP 1 N−−→
hol.
ΩSU(k))
that is associated with the ΩSU(k) sigma model.
In this way, by studying the topological and quasi-topological ΩSU(k) sigma models,
one can analyze the ground and left-excited states of the Ak−1 N = (2, 0) little string
theory.
4.2 Local Observables as Modules over the Current Algebra
We shall now exploit the above relations to show that the ground and left-excited states of
the Ak−1 N = (2, 0) little string theory form modules over the affine Lie algebra su(k)aff
and toroidal Lie algebra su(k)tor.
Module over Affine Lie Algebra
Recall that the current Jbkz (z) given in (3.48) is a Q+-closed operator, which is not
Q+-exact. When we Laurent expand J
bk
z (z), we find that these properties are inherited by
all its Laurent modes, which, as we have shown, generate su(k)tor. Also recall that J
bk
z (z) is
QA-exact, due to a nonzero holomorphic conformal dimension. However, observe that the
15Since the NS5-brane worldvolume theory is physically sensible and unitary, one may analytically con-
tinue the Lorentzian worlvolume (S1 × R)1,1 × R4 to the Euclidean worldvolume S1 × R × R4. It will be
useful for our purposes to adopt the Euclidean signature.
16We concentrate on the pertubative sector of the N=(4,4) sigma model and exclude worldsheet instan-
tons, because the target spaceMNSU(k)(R
4) is hyperka¨hler and its quantum cohomology reduces to ordinary
cohomology [22].
17The L2-cohomology consists of topological invariants which are preserved by the diffeomorphism be-
tween MNSU(k)(R
4) and M(CP 1
N
−−→
hol.
ΩSU(k)).
18Sections of the sheaf of Chiral de Rham complex are invariant under diffeomorphisms, since diffeomor-
phisms are geometrical automorphisms of the theory described by the Chiral de Rham complex [15].
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Laurent zero modes Jbk0 which generate su(k)aff in the topological model have holomorphic
conformal dimension equal to zero, and as such, cannot become QA-exact using arguments
below (3.18). They are in fact QA-closed, since
[QA, J
am
0 ] =
1
2πi
∮
dz[QA, J
am
z (z)] = 0. (4.1)
We previously found the affine Lie algebra su(k)aff as a current algebra in the topo-
logical ΩSU(k) sigma model. Starting with a ground state |0〉 of this theory, which should
be QA-closed (QA|0〉=0), we can act with generators of the affine Lie algebra su(k)aff to
obtain other states in the theory in the form of a highest weight module over su(k)aff, i.e.,
J
a{−n1}
0 J
b{−n2}
0 J
c{−n3}
0 . . . |0〉, (4.2)
where ni ≥ 0.19 These states are QA-closed due to (4.1), e.g., for a state Ja{−k}0 |0〉,
QAJ
a{−k}
0 |0〉 = [QA, Ja{−k}0 ]|0〉 = 0, (4.3)
and in a similar manner, QA annihilates the other states of the form (4.2) due to the QA-
invariance of all the affine Lie algebra generators Jbk0 . In addition, it is not possible for any
of the states (4.2) to be QA-exact. This can be explained as follows. If any such state was
QA-exact, then we would have
J
a{−n1}
0 J
b{−n2}
0 J
c{−n3}
0 . . . |0〉 = QA|Ψ〉 = [QA,Ψ]|0〉, (4.4)
where Ψ is some operator giving rise to the corresponding state |Ψ〉 by acting on |0〉.
However, Jak0 is not a QA-exact operator, whence it follows that a product of affine Lie
algebra generators also cannot be a QA-exact operator; in turn, this means that we cannot
have (4.4), and thus the states (4.2) cannot be QA-exact. Therefore, since the states
(4.2) are QA-closed but not QA-exact, they are elements of the QA-cohomology. As the
generators of the affine Lie algebra su(k)aff do not raise the energy level of the states
(according to (3.63)), all the states of the form (4.2) are sigma model ground states.
As noted in the discussion below (3.17), the QA-cohomology of ground states in each
worldsheet instanton sector corresponds to local observables which can be identified as
elements of the L2-cohomology of M(CP 1 N−−→
hol.
ΩSU(k)), which is finite-dimensional.
This must mean that that the QA-cohomology of ground states in a particular worldsheet
instanton sector N should consist of a finite-dimensional submodule ŝu(k)Nc1 over su(k)aff.
In other words, the L2-cohomology of M(CP 1 N−−→
hol.
ΩSU(k)) forms a finite submodule
ŝu(k)Nc1 over the affine Lie algebra su(k)aff (given in (3.66)) of level c1:
H∗L2(M(CP 1
N−−→
hol.
ΩSU(k))) = ŝu(k)Nc1 . (4.5)
19The Sugawara construction can be used on the affine Lie algebra generators to obtain a grading operator
L̂0, which acts on (4.2) to give the eigenvalue ε − n1 − n2 − n3 . . ., where ε is the grade of |0〉. To be a
well-defined highest weight state, |0〉 must be annihilated by J−ni0 with ni < 0.
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Note that the L2-cohomology ofM(CP 1 N−−→
hol.
ΩSU(k)) is isomorphic to its intersection
cohomology, IH∗(M(CP 1 N−−→
hol.
ΩSU(k))) [23]. Then, via the diffeomorphism of Atiyah’s
theorem, we find that
IH∗(MNSU(k)(R4)) = ŝu(k)Nc1 , (4.6)
since intersection cohomology consists of topological invariants.
The space MN
SU(k)(R
4) admits a decomposition into subspaces of smaller dimension,
since the instanton number N can be decomposed as [24]
N = (i− j) + 1
2
(λ, λ)− 1
2
(µ, µ), (4.7)
where i and j are integers satisfying i ≥ j, whilst λ and µ are vectors with dimension
equal to the rank of SU(k) and norm valued in 2N.20 The vectors λ and µ are required
to be dominant coweights of SU(k) [25], which are identified with dominant weights of the
Langlands dual of SU(k). Furthermore, λ and µ can also be regarded as part of the triples
λ̂ = (λ, 1, i) and µ̂ = (µ, 1, j). Since λ̂ and µ̂ completely specify the instanton number
(4.7), we have the decomposition
IH∗(MNSU(k)(R4)) =
⊕
λ̂,µ̂
IH∗(Mλ̂,µ̂
SU(k)(R
4)). (4.8)
This decomposition of the instanton moduli space, together with (4.6), mean that
the affine submodule in each worldsheet instanton sector N should also decompose in an
identical manner, i.e.,
ŝu(k)Nc1 =
⊕
λ̂,µ̂
ŝu(k)λ̂,µ̂c1 . (4.9)
We would like to ascertain the meaning of λ̂ and µ̂ in the decomposition (4.9). Note that
the triples that specify the decomposition (4.8) can be regarded as dominant coweights
of the affine Kac-Moody group SU(k)aff of level 1 [25], which are just dominant weights
for the level 1 Langlands dual affine Kac-Moody group, SU(k)Laff. The Lie algebra of this
group is just su(k)aff. Thus, for level c1 = 1, λ̂ and µ̂ are dominant affine weights in the
weight spaces of modules over su(k)aff, and we have
IH∗(Mλ̂,µ̂
SU(k)(R
4)) = ŝu(k)λ̂,µ̂1 , (4.10)
20Although this decomposition ofN is known from the mathematical literature, it can be understood from
the point of view of the NS5-brane, by lifting to M-theory [25]. This is carried out by decompactifying the
eleventh dimension, whereby the stack of NS5-branes becomes a stack of M5-branes. Then, identifying the
circle, S1, in the M5-brane worldvolume, S1 × R× R4, as the eleventh dimension of M-theory, one obtains
type IIA string theory upon compactification on S1. Consequently, the stack of k M5-branes reduces
to a stack of k D4-branes, and D0-branes appear as Kaluza-Klein modes in the D4-brane worldvolume,
R × R4. Bound states of these D0-branes give rise to static, particle-like BPS configurations in the D4-
brane worldvolume, which in turn appear as SU(k) instantons on R4. In (4.7), (i − j) counts the total
number of D0-branes in R4/{0} which contribute to the bound state, 1
2
(λ, λ) gives the number of D0-branes
at the origin of R4 which contribute, while the subtraction by 1
2
(µ, µ) accounts for D0-branes at infinity,
which contribute instanton number zero since they necessarily correspond to flat gauge fields in order for
the action of the instanton to be finite ([26], Section 4.4).
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which is just Braverman and Finkelberg’s result [24] for the case of SU(k) instantons on
R
4. In other words, we have a sigma model derivation of their result.
Module over Toroidal Lie Algebra
For the quasi-topological ΩSU(k) sigma model, we may follow a similar line of argu-
ment as that presented above, with Q+ instead of QA, the toroidal Lie algebra su(k)tor
instead of the affine Lie algebra su(k)aff, and chiral differential operators instead of L
2-
cohomology. Now, acting on a ground state |0〉 (which is Q+-closed) with the generators
of su(k)tor, we can have excited states in addition to the ground states, i.e., the states are
of the form
J
a{−n1}
−m1 J
b{−n2}
−m2 J
c{−n3}
−m3 . . . |0〉, (4.11)
where the Laurent indices mi ≥ 0. Note that in order to have a well-defined sigma model
vacuum, |0〉 is annihilated by toroidal Lie algebra generators with mi < 0. These states are
excited for mi > 0, i.e., they can have nonzero holomorphic conformal dimension (accord-
ing to (3.63)); and can be shown to be elements of the Q+-cohomology using arguments
analogous to those surrounding equations (4.3) and (4.4). In other words, the Hilbert space
of left-excited states of the quasi-topological ΩSU(k) sigma model consists of elements of
modules over the toroidal Lie algebra su(k)tor.
In particular, for each worldsheet instanton sector N , the quasi-topological states will
be left-excitations of the sigma model ground states in the finite affine submodule ŝu(k)Nc1 ,
and as such can be considered to be a submodule over the toroidal Lie algebra su(k)tor.
The toroidal Lie algebra submodule which contains the affine submodule ŝu(k)Nc1 will be
denoted ŝu(k)Nc1,c2 .
As noted in the discussion below (3.19), the Q+-cohomology of states in this N -sector
corresponds to local observables which can be identified as elements of the Cˇech cohomology
of
Ω̂ch
M(CP 1
N−−→
hol.
ΩSU(k))
, (4.12)
the sheaf of chiral de Rham complex on M(CP 1 N−−→
hol.
ΩSU(k)). The above discussion
then implies that this cohomology forms a module ŝu(k)Nc1,c2 over the toroidal Lie algebra
su(k)tor (given in (3.65)) of levels c1 and c2:
H∗
Cˇech
(Ω̂ch
M(CP 1
N−−→
hol.
ΩSU(k))
) = ŝu(k)Nc1,c2 . (4.13)
Via the diffeomorphism of Atiyah’s theorem (see footnote 18), this is equivalent to
H∗
Cˇech
(Ω̂ch
MN
SU(k)
(R4)
) = ŝu(k)Nc1,c2 . (4.14)
Clearly, (4.14), which states that the Cˇech cohomology on the sheaf of chiral de Rham
complex on the moduli space of SU(k) N -instantons on R4 forms a submodule over the
toroidal Lie algebra su(k)tor, is a generalization of Braverman and Finkelberg’s result for
the case of SU(k) instantons on R4.
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Braverman and Finkelberg’s result is closely related to the celebrated AGT corre-
spondence that relates equivariant intersection cohomology of MN
SU(k)(R
4) and affine W -
algebras. To be precise, the introduction of equivariance to the ordinary intersection co-
homology of MN
SU(k)(R
4) corresponds to a quantum Drinfeld-Sokolov reduction of su(k)aff
to its associated affine W -algebra. Our generalization (4.14) of Braverman and Finkel-
berg’s result then suggests that the equivariant Cˇech cohomology on the sheaf of chiral de
Rham complex onMN
SU(k)(R
4) would be mathematically related to a ‘toroidal’ W -algebra
obtained using an analog of the quantum Drinfeld-Sokolov reduction on su(k)tor.
5 The M5-brane Worldvolume Theory
Dijkgraaf conjectured in [27, 28] that the N = (4, 4) supersymmetric sigma model with
target MN
SU(k)(R
4) also describes the DLCQ of the worldvolume theory of k M5-branes
on S1 × R × R4 where little strings wrap S1 with N units of discrete momenta. In this
section, we shall attempt to use our results from the previous section to understand the
1/2 and 1/4 BPS sectors of the M5-brane worldvolume theory. Here, by 1/2 BPS (1/4
BPS) sector, we mean the sector of the theory which is invariant under half (quarter) of
the sixteen worldvolume supersymmetries.
5.1 Little Strings and the M5-brane
Firstly, we shall elaborate on the 1/2 and 1/4 BPS sectors of the M5-brane worldvolume
theory, and explain how they are captured by the ΩSU(k) sigma model studied in the
previous section. The 6d N = (2, 0) supersymmetry algebra of the M5-brane worldvolume
theory on S1 × R× R4 is [29, 30]
{Qaα,Qbβ} = ǫαβ(H1ab + PmL Γabm),
{Qaα˙,Qbβ˙} = ǫα˙β˙(H1ab + PmR Γabm),
(5.1)
where a, b = 1, . . . , 4 are chiral spinor indices for the Spin(5) spatial rotation group on the
worldvolume; α, β = 1, 2 (α˙, β˙ = 1, 2) are chiral (anti-chiral) spinor indices for the Spin(4)
R-symmetry group; ǫαβ is the Levi-Civita tensor; H is the Hamiltonian of the worldvolume
theory; PmL = Pm +Wm and PmR = Pm −Wm, where Pm are the worldvolume momenta
and Wm are the worldvolume winding numbers (note that in the case at hand only the
winding along S1 is non-zero); and Γm are gamma matrices corresponding to the Spin(5)
spatial rotation group.21 From here, the 1/2 BPS sector of the worlvolume theory is defined
to consist of states which satisfy the four independent relations
ε1aαQaα|BPS〉 = 0, ε2aαQaα|BPS〉 = 0, ε3aαQaα|BPS〉 = 0, ε4aαQaα|BPS〉 = 0, (5.2)
21We are using Hamiltonian notation, whereby only the Spin(5) spatial rotation group of the worldvol-
ume is manifest.
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where εiaα are four different chiral (with respect to the Spin(4) R-symmetry) spinors; as
well as the four independent relations
ε1aα˙Qaα˙|BPS〉 = 0, ε2aα˙Qaα˙|BPS〉 = 0, ε3aα˙Qaα˙|BPS〉 = 0, ε4aα˙Qaα˙|BPS〉 = 0, (5.3)
where εiaα˙ are four different anti-chiral spinors. Now, note that the first set of relations
involves only chiral supercharges and the second set of relations involves only anti-chiral
supercharges. The 1/4 BPS sector which we consider corresponds to dropping the four
chiral relations given in (5.2).
Since the little strings that live on the M5-brane worldvolume are 1/2 BPS objects, they
only preserve eight of the sixteen supersymmetries of the worldvolume theory. The eight
preserved supercharges on each little string worldsheet obey the supersymmetry algebra
[29, 30]
{Qa˙α,Qb˙β} = 2ǫa˙b˙ǫαβL0,
{Qa˙α˙,Qb˙β˙} = 2ǫa˙b˙ǫα˙β˙L 0,
(5.4)
where a˙, b˙ = 1, 2 are anti-chiral spinor indices for the Spin(4) rotation group of the R4
transverse to the worldsheet, and L0 and L 0 are the left and right-moving parts of the
Hamiltonian on the worldsheet. Observe that the eight preserved supercharges are evenly
divided into chiral (Qa˙α) and anti-chiral (Q
a˙α˙
) under the Spin(4) R-symmetry of the
worldvolume theory. Hence, the 1/2 BPS sector, defined by states obeying the eight chiral
and anti-chiral relations (5.2) and (5.3), corresponds to states annihilated by all eight left-
moving and right-moving supercharges on the worldsheet. From the supersymmetry algebra
(5.4), we find that these states are necessarily ground states annihilated by the Hamiltonian
H = L0 + L 0. Furthermore, the 1/4 BPS sector, which only obeys the anti-chiral
relations (5.3), corresponds to states annihilated by the four right-moving supercharges on
the worldsheet, and therefore, from (5.4), can be left-excited by L0 6= 0.
According to Dijkgraaf [27, 28], the worldvolume dynamics of a stack of k M5-branes
is captured by this little string theory, whose DLCQ is described by the two-dimensional
N = (4, 4) supersymmetric sigma model with MN
SU(k)(R
4) target space.
The Hilbert space of ground states of this sigma model corresponds to its topological
sector, and the further inclusion of left-excited states gives us its quasi-topological sector.
Consequently, the 1/2 (1/4) BPS sector of the worldvolume theory of a stack of k M5-
branes, with center-of-mass dynamics frozen, can be described by the topological (quasi-
topological) sector of theN=(4,4) sigma model on S1×R with target spaceMN
SU(k)(R
4), for
all N > 0 [27, 28].22 Only N > 0 shall be considered in the following, since N corresponds
to the units of momenta along the lightcone circle. Then, from Section 4.1, we find that
the 1/2 BPS sector is given by the L2-cohomology of M(CP 1 N−−→
hol.
ΩSU(k)), while the
1/4 BPS sector is given by Cˇech cohomology of the sheaf of chiral de Rham complex on
M(CP 1 N−−→
hol.
ΩSU(k)).
22As in the previous section, we just need to concentrate on the pertubative sector of the N=(4,4) sigma
model, without worldsheet instantons.
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Hence, by analyzing the topological and quasi-topological ΩSU(k) sigma models, one
can understand the 1/2 and 1/4 BPS sectors of the M5-brane worldvolume theory. Let us
now compute the partition functions of the 1/2 BPS and 1/4 BPS sectors of the M5-brane.
5.2 1/2 BPS Sector
The Hilbert space (in discrete lightcone gauge) of the worldvolume theory of a stack of k
M5-branes is graded [27], i.e., it is given as
Hp =
⊕
N>0
pNHN , (5.5)
where p is a complex parameter, and where HN is the Hilbert space of the two-dimensional
N = (4, 4) sigma model on the moduli space of SU(k) N -instantons on R4. The 1/2
BPS sector of the worldvolume theory is given by the topological sector of (5.5), which
is captured by the topological sigma model with ΩSU(k) target space (for N > 0), as
explained in Section 5.1. In other words, the Hilbert space of our topological sigma model
also has the graded structure given in (5.5). In light of this fact, the partition function of
the topological sigma model,
Z(top) = TrH(top)e
−βH , (5.6)
can be written (for N > 0) as ∑
N>0
pNTr
H
(top)
N
e−βH . (5.7)
Here, H(top) is the Hilbert space of the entire topological sigma model, H(top)N is the Hilbert
space of a particular worldsheet instanton sector of the topological sigma model, H is the
Hamiltonian, and β is a real parameter. Since the topological sector only contains ground
states whose eigenvalues under H are zero, we have
Z(top) =
∑
N>0
pNTr
H
(top)
N
e−βH
=
∑
N>0
pNdimH(top)N
= TrH(top)p
N̂ ,
(5.8)
where N̂ is the instanton number operator which has N as its eigenvalue.
From Section 4.2, we know that the Hilbert space H(top) is made up of submodules
over the affine Lie algebra su(k)aff, one for every worldsheet instanton sector N . The states
in each N -sector can be expressed as
J
a{−n1}
0 J
b{−n2}
0 J
c{−n3}
0 . . . |N〉, (5.9)
where we have denoted the ground state |0〉 in the sector N as |N〉. Recall that since we
are in the topological limit, the affine generators do not raise the energy level of the ground
state, and all the states in the module remain sigma model ground states. The number
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of states in a particular N -sector is just given by the number of local observables in that
sector, which is specified by the dimension of H∗
L2
(M(CP 1 N−−→
hol.
ΩSU(k))).
Following (4.9), the Hilbert space of a particular N -sector can be decomposed as
H(top)N =
⊕
λ̂,µ̂
H(top)
λ̂,µ̂
, (5.10)
where H(top)
λ̂,µ̂
is a submodule over su(k)aff. Since this submodule is finite, we know that it is
a subspace of an integrable module. We also know from (5.9) that this integrable module
is a highest weight module. The two previous statements mean that the submodules which
form H(top) are subspaces of dominant highest weight modules [31]. Following this, we shall
take λ̂ to be a dominant highest affine weight and µ̂ to be a dominant affine weight.
A generic state in a dominant highest weight module can be expressed as
|µ̂′〉 = E−α̂−n . . . E−β̂−m|λ̂〉. (5.11)
Here, E−γ̂−l are lowering operators in the Cartan-Weyl basis of su(k)aff that correspond to
the complement of its Cartan subalgebra; |λ̂〉 is a highest weight state associated with a
dominant highest affine weight λ̂ = (λ, c1, i); µ̂
′ = (µ, c1, j) is an affine weight in the weight
system of the module of dominant highest weight λ̂ of level c1 (which is not necessarily
dominant); and α̂ = (α, c1, n), β̂ = (β, c1,m) are positive affine roots. Given the state |λ̂〉,
there are several degenerate states |µ̂′〉 which correspond to the weight µ̂′, each correspond-
ing to a particular choice of positive roots α̂ · · · β̂ which satisfy µ̂′ = λ̂− β̂ · · · − α̂. A Weyl
group symmetry maps the affine weight µ̂′ to the dominant affine weight µ̂ in the weight
system of the same module.
Now, note that the grade of the highest weight in a module is merely a matter of
convention. As such, we can shift the grades of λ̂ = (λ, c1, i) and µ̂
′ = (µ, c1, j) to λ̂ =
(λ, c1, 0) and µ̂
′ = (µ, c1,−m), where m = i− j is a non-negative integer. In this way, the
decomposition (5.10) is equivalent to
H(top)N =
⊕
λ̂,µ,m
H(top)
λ̂,µ,m
, (5.12)
with
dimH(top)
λ̂,µ,m
= mult
λ̂
(µ)|m, (5.13)
where the right hand side indicates the number of degenerate states corresponding to the
affine weight µ̂′ = (µ, c1,−m) in the module of highest weight λ̂. Since m = i− j, it follows
from (4.7) that the worldsheet instanton number can be written as N = m + 12(λ, λ) −
1
2 (µ, µ). Note that m is not the eigenvalue of L0, since we only have ground states in
a topological theory. One can use the Sugawara construction on the affine Lie algebra
generators to find an operator L̂0 whose eigenvalue is m.
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In light of these facts, we may calculate the partition function of the nonpertubative
sigma model as
Z(top) =TrH(top)p
N̂
=
∑
N>0
dimH(top)N pN
=
∑
λ̂,µ,m
dimH(top)
λ̂,m,µ
pm+
1
2
(λ,λ)− 1
2
(µ,µ)
=
∑
λ̂
∑
µ
∑
m≥0
mult
λ̂
(µ)|mpm+hλ̂−
c
λ̂
24
=
∑
λ̂
p
ĉ−c
λ̂
24 Tr
λ̂
pL̂0+hλ̂−
ĉ
24
=
∑
λ̂′
Tr
λ̂′
pL̂0+mλ̂′
=
∑
λ̂′
χλ̂
′
ŝu(k)c1
(p).
(5.14)
Here, we have the non-negative number
h
λ̂
=
(λ, λ+ 2ρ)
2(c1 + h)
, (5.15)
and the numbers
c
λ̂
= −12(λ, λ) + 12(µ, µ) + 12(λ, λ+ 2ρ)
c1 + h
(5.16)
and
ĉ =
c1dim su(k)
c1 + h
=
12c1|ρ|2
(c1 + h)h
, (5.17)
where ρ and h are the Weyl vector and dual Coxeter number of the finite Lie algebra su(k).
In the penultimate line of (5.14), we have shifted the grade of the dominant highest weight
λ̂ = (λ, c1, 0) to λ̂
′ = (λ, c1,
ĉ−c
λ̂
24 ), whereby
m
λ̂′
= h
λ̂′
− ĉ
24
, (5.18)
and h
λ̂′
= h
λ̂
, c
λ̂′
= c
λ̂
. Finally, we obtained a sum over χλ̂
′
ŝu(k)c1
(p), where χλ̂
′
ŝu(k)c1
(p) is the
character for an irreducible, integrable su(k)aff module at level c1 with dominant highest
weight λ̂′.
The partition function for the nonpertubative topological sigma model with ΩSU(k)
target space is thus a sum of characters for modules over su(k)aff, and therefore transforms
like a modular form. From (4.6), and since IH∗(MN
SU(k)(R
4) for all N > 0 corresponds to
the 1/2 BPS states of the worldvolume theory of a stack of k M5-branes (see Section 5.1),
this is also the partition function of the 1/2 BPS sector of the worldvolume theory (using
discrete lightcone quantization). Note that we have arrived at the same result as ([25],
equation 3.33) using arguments from quantum field theory (instead of string theory/M-
theory).
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In the DLCQ gauge, the M5-brane worldvolume contains S1 × R, where R is the
time coordinate. Naturally, when one computes the partition function of the M5-brane
worldvolume theory (or some BPS sector thereof), which is a trace over identical initial
and final states, S1 × R becomes equivalent to a torus, which we denote T 2M [27]. In
other words, the 1/2 BPS partition function counts the states of the topological sector
(i.e., ground states) of the N=(4,4) sigma model on T 2M , with MNSU(k)(R4) target space,
summed over all N > 0.23
These ground states give rise to the spectrum of the 6d N=(2,0) SCFT [29, 30], now
effectively on T 2M ×R4, where this is the same as 4d N=4 Super Yang-Mills theory (SYM)
on R4 [33, 34]. The Montonen-Olive duality of 4d N=4 SYM can then be understood as
modular covariance of the affine Lie algebra characters in (5.14).
It is also known that the Hilbert space of the 1/2 BPS sector of a single M5-brane
is the Fock space of a 2d free chiral scalar CFT [27, 28],24 wherein the Laurent nonzero
modes of the scalar field generate the Heisenberg algebra, and this agrees with our 1/2
BPS partition function (5.14) for G = U(1), which is the sum of characters for Heisenberg
algebra modules.
Since the 1/2 BPS sector corresponds to the topological sector of the N = (4, 4) sigma
model withMN
SU(k)(R
4) target space, which in turn is given by the Q-cohomology of ground
states of supersymmetric quantum mechanics on MN
SU(k)(R
4), we do not see any ‘stringy’
effects of the little strings in the 1/2 BPS partition function. This situation will change,
as we shall see, in the 1/4 BPS case.
5.3 1/4 BPS Sector
For the quasi-topological sigma model, we calculate a generalization of the partition func-
tion given in (5.8), i.e.,
Z(q.t.) = TrH(q.t.)(p
N̂ ⊗ q ̂̂L0), (5.19)
where N̂ is the instanton number operator previously defined,
̂̂
L0 is a grading operator
one can find via a generalization of the Sugawara construction to the case of toroidal Lie
algebras, and q = e2πiτ is a complex parameter.
̂̂
L0 grades the elements of the toroidal Lie
algebra via
[
̂̂
L0, J
ak
m ] = −mJakm . (5.20)
23To be precise, computation of the 1/2 BPS partition function in terms of the N = (4, 4) sigma model
implies antiperiodic boundary conditions for fermionic fields as we go around the time direction on the
torus, T 2M [32]. Such boundary conditions are not compatible with supersymmetry, since the bosonic fields
must be periodic. However, note that since MNSU(k)(R
4) is hyperka¨hler, and therefore Calabi-Yau, the
sigma model with this target space in fact has superconformal symmetry, whereby the supersymmetry
transformation parameters are holomorphic or antiholomorphic functions on the worldsheet. One can then
choose antiperiodic boundary conditions for these functions, and this choice allows the boundary conditions
on the bosonic and fermionic fields to be consistent.
24Note that a chiral scalar field, ϕ, has a self-dual ‘field strength’, dϕ, just like the field strength of the
2-form potential in the 6d N = (2, 0) SCFT [2].
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The quasi-topological partition function (5.19) is a natural generalization of the topological
partition function (5.8), since it reduces precisely to the latter when we take the topological
limit, whereby the toroidal Lie algebra reduces to an affine Lie algebra.
Recall from (4.11) and below that the Hilbert space H(q.t.) of the quasi-topological
model is made up of submodules (labelled by N) over the toroidal Lie algebra su(k)tor, i.e.,
they are of the form
J
a{−n1}
−m1 J
b{−n2}
−m2 J
c{−n3}
−m3 . . . |N〉. (5.21)
Also recall that, unlike the fully topological case, the toroidal Lie algebra generators actu-
ally raise the energy level of a state, for mi 6= 0. The states in each N -sector of H(q.t.) can
be written as
J
a{−n1}
−m1 J
b{−n2}
−m2 J
c{−n3}
−m3 . . . |N〉 = |N,m1 +m2 +m3 . . . = l〉
= |N, l〉,
(5.22)
where l denotes the eigenvalue of L0. From (3.63) and (5.20), we see that the eigenvalue
of L0 is the same as the eigenvalue of
̂̂
L0.
25 As before, we are only interested in N > 0.
Expressing the states of H(q.t.) as in (5.22), we have
Z(q.t.) =TrH(q.t.)(p
N̂ ⊗ q ̂̂L0)
=
∑
N>0,l=0
〈N, l|pN̂ ⊗ q ̂̂L0 |N, l〉
=
∑
N>0
〈N |pN̂ |N〉
∑
l=0
〈l|q ̂̂L0 |l〉
=
∑
N>0
dimH(top)N pN
∑
l=0
P (l)ql
=
∑
λ̂
χλ̂ŝu(k)c1
(p)
∏
l=1
1
1− ql
=q
1
24
∑
λ̂
χλ̂ŝu(k)c1
(p)
1
η(τ)
.
(5.23)
Here, P (l) is the number of partitions of the integer l. In the third equality, we have
split the states as tensor products since N̂ and
̂̂
L0 act independently of one another. We
have also made use of our 1/2 BPS result (equation (5.14)). Hence, we obtain a sum of
characters for su(k)aff modules multiplied by a Virasoro character.
This is the partition function for the nonpertubative quasi-topological sigma model
with ΩSU(k) target space. Since the states of this nonpertubative quasi-topological theory
correspond to the 1/4 BPS states of the worldvolume theory of a stack of k M5-branes
(see Section 5.1 and the penultimate paragraph of Section 3.1), (5.23) is also the parti-
tion function for the 1/4 BPS sector of the worldvolume theory (using discrete lightcone
25This does not mean that L0 and
̂̂
L0 are identical, since they are the Laurent zero-modes of different
spin-2 fields.
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quantization). Each factor in the partition function transforms like a modular form, and
therefore, the partition function transforms like an automorphic form for SO(2, 2;Z) since
SO(2, 2;Z) ∼= SL(2,Z)× SL(2,Z). (5.24)
The 1/4 BPS quantum worldvolume theory is equivalent, via inspection of (5.23), to chiral
WZW model × chiral free boson × interactions.
By analyzing the 1/4 BPS sector of the M5-brane worldvolume theory via our quasi-
topological sigma model, we have gone beyond the 6d N=(2,0) SCFT, enabling us to see
the ‘stringy’ effects of the little strings, i.e., the partition function is enhanced from one
which transforms like a modular form in the 1/2 BPS case to one which transforms like an
automorphic form for SO(2, 2,Z), which is just the T-duality group for the worldvolume
torus, T 2M , that appears when taking the trace in the M5-brane partition function.
26
It is also worth noting that based on our analysis, the 1/4 BPS partition function (5.23)
of the M5-brane worldvolume theory basically counts the dimensions of Cˇech cohomology
classes on the sheaf of chiral de Rham complex on MN
SU(k)(R
4), and we see that this
transforms like an automorphic form for SO(2, 2;Z). In other words, our results lead us
to a relationship between a sheaf of supersymmetric vertex algebras and an object that
transforms like an automorphic form.
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